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Comment on “Stiffness Matrices
for Sector Elements”

Bruce M. Trons*
University of Wales, Swansea, Wales

HE class of element lately called ‘‘isoparametric’’? has
infact along history. L. C. Taig first used them in 1958,2
while the present author discovered them independently in
1961 and subsequently proved convergence. However, their
popularity owes little to academic considerations; they are
used because they are adaptable and easily programed.

The authors assert that they are expensive,! and one
usually finds that those making this assertion are concerned
to achieve convergence of the terms of the stiffness matrix.
This is misguided but forgivable, because the contrary ideas
have been mentioned only briefly*® and no formal proof has
yet been published. It is the purpose of this comment to
rectify this. The proof suggested itself following the ob-
servation that using numerically integrated plate-bending
triangles’ the stresses and displacements were sensitive to the
order of integration formula used only when the mesh was
anyway too coarse to give useful answers. In this case the
integrands were such that accurate numerical integration was
not possible using standard formulae. Evidently the be-
havior of an approximately integrated element better re-
sembled that of the accurately integrated element the nearer
one approached constant stress conditions over the element.

Indeed, a certain order of integration accuracy guarantees
perfect response in a constant stress field. For a general
isoparametric element, a formula that guarantees correct
volume in general guarantees correct response under con-
stant stress. It thus guarantees convergence because under
fine-mesh conditions such approximately integrated ele-
ments cannot be distinguished from the correctly integrated
elements, which if they allow constant strain and guarantee
conformity? are known to converge.

The algebra is presented for a case of plane stress, with
constant thickness “¢” and with the scalar displacement
functions N.(&,n) assumed to be polynomials.” The volume
is found from the Jacobian [J]

tffdet [J1d&dn
where
det [J] = (Zx,0N./0&)(Zy,0N;/0n) —
(Zy:ON/0E)(2x;0N;/0m) (1)
We now consider the nodal forees eorresponding to a constant
value o, over the element, and the proof resembles that of
the Addendum to Ref. 6. To discover the nodal force
corresponding to displacement u;, for example, we impose a

virtual change u; and find the virtual work done against the
stress o;:

force U; = o tffON;/0x det [J]dEdy (2)
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But

where

J1t = 1 Zy:ON /0, —Zy;0N;/0
det [J] | —2Z2:ON:/0n, Zx;0N,/0¢

Expanding gives
force U; = o.4ffON:/OEZy,0N;/on —
ON ;/OnZy;0N ;/0k dédn  (3)

Now comparing (1) and (3) reveals that if 7 and j = 1 to n,
both are composed of the same n? polynomial terms. If
these are of such degree that the given integration formula
integrates them exactly over the element, both the volume
and the nodal forces are accurately integrated.

This theorem has clear financial implications, because engi-
neers demand some justification for using the cheaper integra-
tion rules. Such justification may be numerical. For ex-
ample, one may take an element or an assembly of elements
and impose boundary conditions consistent with a state of
constant stress, and check for correct response. Alter-
natively two formulations of an element with the same geom-
etry can be compared by finding their relative eigenvalues.®
Given the two stiffness matrices K; and K, of which one or
both may be approximately integrated, or formulated on a
hybrid basis following Pian, ete. we find the A for which
K6 = MK:5. The A are 0/0 (indeterminate) for common
rigid-body motions, occasionally 0/1 or 1/0 if one of the ele-
ments has spurious mechanisms—as can happen with very
low-order integration rules—and it is precisely 1 for any
analytically correct response, e.g., constant stress conditions,
that the two elements have in common. Further, if the
determinate A\ are all greater than 1, element 1 is always
stiffer than element 2. If both are accurately integrated
elements with assumed displacements, this gives a decisive
verdiet; formulation 2 is better than formulation 1.

An approximately integrated element usually behaves in
practice as if the stiffness were reduced, although the values
of X show that the strain energy is not always reduced. The
bound theorems are lost unless quite high-order integration
is used, whose cost is not justified.

A remarkable but not particularly useful corollary arose
in Ref. 9. Here the nonconforming plate bending triangle
due to Zienkiewicz, known to converge for particular mesh
patterns (see Ref. 6, Addendum) was shown to converge
even if it was approximately integrated.

A membrane shell element has been published!® but it has
not been extensively used because applications seldom arise
in civil engineering. Those that do arise often give ruled sur-
faces, and with high-order elements Sohrab Ahmad found
that these tended to produce embarrassing mechanisms.
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Reply by Authors to B. M. Irons

I. S. Rasu* anp A. K. Raot
Indian Institute of Science, Bangalore, India

HE authors are pleased that their Note should have
led B. Trons to discuss an important aspect of conver-
gence in the finite element methods. They are, in fact,
concerned that the comments made may not be lost, being
only part of a discussion, instead of being put out as a Note
in its own right.
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However, the authors are not clear exactly where they
have been “misguided,” for they cannot trace any real con-

. tradiction between their statements and Dr. Irons’ com-

ments. The authors’ viewpoint was that, whereas general
polygonal elements with generalized functional deseriptions
are very useful for arbitrary shapes, for special shapes, like
circular holes that are often used in design, it is relatively
economical and convenient to apply simple tailored elements.
They have the feeling that Dr. Irons is not really questioning
this viewpoint, but is discussing a more general question of
criteria for convergence with arbitrary elements and nu-
merical integrations for elements.

On the other hand, the authors would like to take this
opportunity to make good an oversight in their original
Note. The trigonometric distributions of displacements;
unlike the linear distributions (Table 1), do not adequately
provide the necessary kinematic freedoms, so that one may
run into convergence troubles when applying them.

Erratum: <Experimental Study
of High-Enthalpy Shock-Tunnel Flow.
Part I: Shock-Tube Flow and Nozzle

Starting Time”
Micuaen G. DunN
Cornell Aeronautical Laboratory Inc., Buffalo, N. Y.
[ATAA J., 7, 1553-1560 (1969)]

HE correct title of Fig. 2 is “Incident-shock test time in
air for laminar boundary layer.”



